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Introduction: Crystallography
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Crystallography = science of crystals

External shape + internal structure + growth + physical properties of crystals

Crystallography = study the matter which is crystallized

 determine the positions of the atoms inside
 X-ray or neutron (or electronic) diffraction techniques

Polycrystal or Single crystal ?
(or powder)

An assembly of crystals with different orientations and 
separated by grain boundaries: 
grain size  0.5 mm to 100 mm 

Only one crystal

Each grain of a polycrystal is thus a single crystal



Introduction : The two types of symmetries in crystals
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To describe the crystals:
geometry, symmetry, atomic coordinates,  …

direct space

To determine the crystal structure:
diffraction

reciprocal space

Symmetry group: set of symmetry operations that leave the atomic positions unchanged

Periodicity of the physical properties of crystals: solid state physics

1- Translation symmetry

● Phonons, magnons, ...
● Diffraction

Anisotropy of the physical properties of crystals: macroscopic physics

 reflects the point symmetry of the crystal.

2- Orientation symmetry: point symmetry

● External shape of crystals (natural faces)
● Electric conductivity, optics, mechanical and magnetic properties, ...
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Outline

I.1. Orientation symmetry
Elementary point symmetries
How to obtain and name all crystallographic point groups?
Examples of point groups
The 32 point groups and 11 Laue classes

I.2. Translation symmetry
Lattice and motif, Unit cell
The orientation symmetries of lattices:

the 6 conventional cells, 7 crystal systems and 14 Bravais lattices
Rows and net planes

I.3. Space group symmetry
Glide planes and screw axes
The 230 space groups
The International Tables for Crystallography

I.4. Beyond basic crystallography
Aperiodic crystals: superspace groups
Magnetic structures: magnetic point groups and space groups

part I: CRYSTALLOGRAPHY IN DIRECT SPACE

Voir fichier
Compléments
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Outline

part II: DIFFRACTION - CRYSTALLOGRAPHY IN RECIPROCAL SPACE

II.1. The reciprocal space
Definition
Examples
First Brillouin zone
Properties

II.2. X-ray and neutron diffraction by a crystal
Diffraction condition
Diffraction by an atom: scattered amplitude
Diffraction by a crystal: structure factor
Symmetry and extinction rules
Beyond basic crystallography: aperiodic crystals and magnetic structures

II.4. Experiments

How to solve a structure
Technique 1: powder diffraction
Technique 2: single-crystal Laue diffraction
Technique 3: single-crystal (four circle / normal beam) diffraction

Voir
fichier

Compléments
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I.1. Orientation Symmetry: Elementary point symmetries

At microscopic (to within a translation  in some cases) & macroscopic scale: 

 orientation symmetries called point symmetries. 

These operations are isometries that leave at least one point fixed.

Inversion (through a point)

 centrosymmetric crystal 

z

y

x

O

x, y, z

-x, -y, -z
1

Rotation (around an axis)

Rotation of order n  rotation by

n

p
 

2

n

z

y

x

O

x', y', z'
x, y, z2p

n



I.1. Orientation Symmetry: Elementary point symmetries
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n

Roto-inversion 
(around an axis and through a point)

z

2p

y

x

O

x', y', z'
x, y, z

n

-x', -y', -z'

x, y, z

x, y, -z

z

y

x

O

Reflection (through a mirror plane)

m

Note that:            !2m

Rotations compatible with the translation symmetry = those of orders 1, 2, 3, 4, 6

 10 elementary operations: point groups 1, 2, 3, 4, 6, 6 ,4 ,3 ,2 ,1 m

Proper           Improper



I.1. Orientation Symmetry: How to obtain and name all point groups ?
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How to obtain all various crystallographic point groups (= crystal classes) ?
Combine these 10 elementary symmetry operations, with the following constraints:

- all symmetry elements go through a common point,
- point group compatible with translation symmetry
 constraints between the orientations of the various symmetry operations

Group structure
Operation:  (apply successively 2 sym. op.); Closure; associativity;
Neutral element: 1 (do nothing); Inverse: n  -n (rotate in the other way)

Notation of the point groups: 1- International (Hermann-Mauguin) symbols
Symmetry elements along 1, 2 or 3 non equivalent directions (primary, secondary, tertiary), 
ordered with decreasing or equal degree of symmetry (except for 2 cubic point groups)

The direction of a rotation is given by its axis
The direction of a mirror is given by its normal
'n/m' =  axis n and mirror along the same direction

(i.e. mirror plane  to axis n)

 used for crystallography
m m m

 4/mmm4 2 2

Examples:    4/m
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I.1. Orientation Symmetry: How to obtain and name all point groups ?

Notation of the point groups: 2- Schoenflies symbols

Cn Cyclic n-fold rotation axis (n = 1, 2, 3, 4, 6)
Dn Dihedral, or two-sided n-fold rotation axis plus n twofold axes   to that axis

subscript h : addition of a mirror plane   to the n-fold axis (Cnh, Dnh )
subscript v : addition of a mirror plane  // to the n-fold axis (Cnv, Dnv )
subscript d : addition of a mirror plane // to the n-fold axis and bisecting

the angle between the axes 2  to the n-fold axis (Dnd)

S2n Spiegel = Mirror 2n-fold rotoinversion axis (2n = 2, 4, 6)

T Tetrahedral symmetry of a tetrahedron 
with (Td ) or without (T ) improper rotations,
Th =T with the addition of an inversion

O Octahedral symmetry of an octahedron (or cube) 
with (Oh) or without (O) improper operations

Other notations: S2 =Ci ; S6 =C3i ; C1h =Cs

 used for spectroscopy



I.1. Orientation Symmetry: Examples of point groups
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Examples: point groups of molecules

SF6

F

F F
F

F

S
F

NH3

H

H

N

H

Axis 3 
3 equivalent mirrors

axis 4 and mirrors
axis 

axis 2 and mirror
3

Primary direction Secondary
direction


Point group: 3m

Primary 
direction

Secondary direction

Tertiary 
direction

mm

2
3

4

mm3


Point group:           
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I.1. Orientation Symmetry: The 32 point groups and 11 Laue classes

- - -

2 - -

2 2 2

3 - -

3 2 -

4 - -

4 2 2 

6 - -

6 2 2 

2 3 -

4 3 2

1 1,

mm 2/ , 2,

m4/ ,4 4,

2
32, 3 ,  3 (3 )m

m
m

4 2
432, 43 , 33 ( )m

m
m m

m

m6/ ,6 6,

Point groups

3 3,

4 2 2
422, 4 , 42 , (4/ )mm m

m m
mmm

m

6 2 2
622, 6 , 62 , (6/ )mm m

m m
mmm

m
2

23, 3 3 ( )
m

m

2 2 2
222, 2 , ( )mm

m m
mmm

m

Order of the point symmetry along the:

primary direct° secondary direct° tertiary direct° and  Laue groups
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I.1. Orientation Symmetry: The 32 point groups and 11 Laue classes

International vs Schoenflies symbols
(table 10.1.2.4. from the International Tables 
for Crystallography, Volume A)



I.2. Translation Symmetry: Lattice and motif
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integers   with    c b a u, v, wwvuT




c and b ,a


At the atomic scale,  translation vectors     that put the crystallographic structure in 
coincidence with itself.

are called the basis vectors and the volume they define is called the unit cell

Crystal    = +

The set of extremities of the     vectors    
define an abstract network of points (= nodes): 

the lattice.

Lattice

T


At each lattice node, 
one associates a group of atoms: 

the motif. 

Motif

The knowledge of the lattice (basis vectors           ) and of the motif (nature and positions 
x, y, z of the atoms in the cell) completely characterizes the crystalline structure.

c,b,a


T




I.2. Translation Symmetry: Unit cell
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The unit cell allows to pave the space with no empty space nor overlap,
by applying the lattice translations.

Examples at 2D:

Rotation of order 4:
Compatible with the translation symmetry

Rotation of order 5:
not compatible with translation symmetry
 quasicrystals
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I.2. Translation Symmetry: Unit cell

Lattice parameters

angles between them:

 b ,a


g

 a ,c


b

 c ,b


a

lengths of the 
unit translations:

a

b

c

c


a


b


a

g

b

 Multiplicity m of a unit cell = Number of lattice nodes (and thus of motifs) per unit cell

How to count the number of lattice nodes per unit cell?
 each lattice node counts for 1/n, with n the number of unit cells to which it belongs.

 Centered unit cell: m = 2, 3, … (doubly, triply, … primitive)

Volume: V m = m V p

These cells are used only when more symmetrical than any primitive cell of the lattice.

 Primitive unit cell: m = 1 

For a given lattice, all primitive unit cells have the same volume:      
    

a,b,c a b .cpV
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I.2. Translation Symmetry: 6 conventional cells and 7 crystal systems

* The hexagonal cell splits in two crystal systems: trigonal (axis 3) and hexagonal (axis 6);   
the others are the same.

Translation symmetry &      Orientation symmetry

The crystals can be classified into 6 conventional cells and 7 crystal systems

each of them having a characteristic orientation symmetry.

The 6 conventional cells are, from the lowest to the highest symmetric one:

triclinic a  b  c a  b  g

monoclinic a  b  c a = g = 90°, b > 90°

orthorhombic a  b  c a = b = g = 90°

tetragonal or quadratic a = b  c a = b = g = 90°

hexagonal * a = b  c a = b = 90°, g = 120°

cubic a = b = c a = b = g = 90°

a

m

o

t

h

c

a b c a b g

a b c b

a b c

a c

a c

a 



I.2. Translation Symmetry: Crystal system vs point group 
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1 1,

mm 2/ , 2,

mmmmm  ,2 222,

m4/ ,4 4,

m,m 3 3 32,

mmm 3 ,34 432,

m6/ ,6 6,

Point groups

- - -

b - -

a b c

c a, b, -a-b -

c a, b a +b, a -b

c a, b, a +b 2a +b, …
…

a, b, c a +b +c, … a +b, …

primary secondary    tertiary 

direction    direction     direction and  Laue classes

3 3,

mmmmmm 4/ ,24 ,4 422,

mmmmmm 6/ ,26 ,6 622,

3 23, m

Crystal system

monoclinic

triclinic

orthorhombic

trigonal

Tetragonal
or quadratic

hexagonal

cubic



I.2. Translation Symmetry: The 14 Bravais lattices
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Classification in 14 Bravais lattices (Bravais, 1848):
- 6 primitive lattices, built from the 6 conventional cells,
- 8 non primitive (centered) lattices, by adding some nodes in the former cells, provided 
no symmetry element is lost and there exists no primitive cell having the same symmetry. 

Symbol lattice type multiplicity

P primitive 1

I body centered 2

F all-face centered 4

one-face centered:
A, B, C 2

respectively 

rhombohedrally
centered: additional

R nodes at 1/3 and 2/3 3
of the diagonal of

the hexagonal cell

(trigonal system)

)b,a( ),c,a(


 ),c,b(


NB: the primitive cell of the hR cell is a 
rhombohedral cell (a = b = c, a = b = g  90°).

b

a

nodes in planes 0 et 1

nodes in plane 1/3

nodes in plane 2/3

u

3
1z

1z

3
2z

0z



I.2. Translation Symmetry: The 14 Bravais lattices
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P I          F C         R 

triclinic

monoclinic

orthorhombic

conventional
cell

tetragonal

cubic

hexagonal

a b
c a b

g

a
b

cb

a
c

b

a

c

a

a
a

a

a
a

c

Lattice types

   


   

  

   1
2

 a  b  c    

' (a b c) 

with   integers

T u v w

T T

u, v, w

NB: for centered lattices,
 additional lattice translations

Example: I  lattice

a

a

c



Examples:

[100]

a
b


c


cubic cell: 
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I.2. Translation symmetry: Rows and net planes

 Family of (hkl) net planes

One can group all lattice nodes into 
parallel equidistant net planes noted (hkl )
spaced by dhkl, such as hx + ky + lz = m

dhkl : d-spacing

h, k, l : coprime integers for a P lattice
Miller indices

 Family of [uvw] rows

One can group all lattice nodes into 
parallel equidistant rows noted [uvw] 

along  

nuvw : row parameter

u, v, w : coprime integers
indices of the row

  
  

a b cuvwn u v w

sym. equivalent planes: {110}a


b


c


-1/2

1

 

O

Examples:

(201)

symmetrically equivalent rows: <100>


a


b


c

cubic cell: (110)
[001]

[010]

(101)

(011)



I.3. Space group symmetry
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+

230 SPACE GROUPS
 they describe the symmetry of the microscopic structure of crystals

= “identity card” of a crystal

The 230 space groups allow to classify all crystals.

Description of the entire crystal = lattice +

translations of the latticeT


14 Bravais lattices

symmetries acting inside the motif 
(point symmetries combined

possibly with fractional translations)

32 point groups with 
or without additional
glide translations

motif

http://it.iucr.org http://www.cryst.ehu.es
http://img.chem.ucl.ac.uk/

sgp/mainmenu.htm



I.3. Space group symmetry: Glide planes
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 Glide planes

Combination of a reflection (through a plane) and a fractional translation

  planet

P2

P1
t


P

P’

Example: glide plane c  a


2

c
  


 t

when applying twice the glide 
plane operation, one must recover a 

translation vector of the lattice:

2
2 cPP t p 

  
with  p < 2  p = 1



I.3. Space group symmetry: Glide planes
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printed
symbol

m        
reflection 

plane (mirror)

graphical symbol
symmetry 

plane normal to
projection plane 

parallel to
projection plane 

nature of glide translation 

axial 
glide plane

diagonal glide 
plane (net)

“diamond” 
glide plane

8

1

8

3

none

(a +b)/2, (b +c)/2 or (c +a)/2; OR 
(a +b +c)/2 for t and c systems

(a ±b)/4, (b ±c)/4 or (c ±a)/4; 
OR (a ±b ±c)/4 

for t and c systems

d

n

The various symmetry planes and their symbol

double
glide plane

e

a, b, c 


 proj. planet




proj. planet

a/2, b/2, or c/2 
respectively

a/2 and b/2, b/2 and c/2 or 
a/2 and c/2; OR (a b)/2 and 
c/2 etc … for t and c systems



I.3. Space group symmetry: Screw axes
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 Screw axes

Combination of a rotation (around an axis n) and a fractional translation

P0

n

Pn

tn


 

P1

t


P’n

p2

P’’

n

p2

P2

t


when applying n times the screw 
axis operation, one must recover 
a translation vector of the lattice:

 
  

n
PP cnt p

Example: screw axis np


 c

p = 0, 1, …, n-1c  


n

p
t 

with  p < n 


  axist



4 axis:

z = 0

z = 0z = 0

z = 0



0t

I.3. Space group symmetry: Screw axes 4p
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z = ¾

z =  ½ z = ¼

41 axis:

z = 0


 1

4
t c

≡ 0

≡ ½

z = ½z = 1 

z =     3
2

42 axis:

z = 0


 1

2
t c

z = ¾z =     3
2

z = 94

≡ ½ 

≡ ¼

43 axis:

z = 0


 3

4
t c
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The various rotation and screw axes and their symbol

printed
symbol

graphic
symbol

symmetry axis
nature of 
the screw 
translation

printed
symbol

graphic
symbol

symmetry axis
nature of 
the screw 
translation

Inverse hexad none6

Inverse tetrad none4

Inverse triad none3

Inversion none1

Identity none none1 Rotation tetrad4 none

Rotation triad3

 paper

none

Rotation hexad6 none

Rotation diad

or twofold 
rotation axis

( paper)

(   paper)

2 none



Screw tetrads

41

42 2c/4

c/4

43 3c/4

Screw hexads

61

62 2c/6

c/6

63 3c/6

64

65

4c/6

5c/6
Screw triad

31

32 2c/3

c/3

Screw diad

or twofold 
screw axis

(   paper)

( paper)21

c/2

a/2 or b/2




I.3. Space group symmetry: The 230 space groups
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1st letter: capital letter designing the lattice type P, I, F, A (B or C ), R
following letters: nature of the symmetry elements

Along the primary, secondary and tertiary 
directions: 3 non equivalent directions of 

symmetry of the cell (same as for point groups)

Space group symmetries:
symmetry axes (largest n, smallest p) and 
symmetry planes (m > e > a > b > c > n > d )

 International (Hermann-Mauguin) symbol of a space group (Ex. P 42/mmc)

Tertiary direction

c (order 2)

[110] and   
(order 2)         

[210],

<110> 
(order 2)

Secondary directionPrimary directionConventional cell

triclinic

monoclinic

orthorhombic

tetragonal

hexagonal

cubic

only one symbol which denotes all directions of the crystal

primary direction only: b (1st setting) or c (2nd setting) (order 2)

a (order 2)

c (order 4)

c
(order 6 or 3)

<100> 
(order 4 or 2)

b (order 2)

a and b
(order 2)

a, b and          
(order 2)

<111> 
(order 3)

[110]

[110] and [120] [110]
(order 2)



I.3. Space group symmetry: The 230 space groups
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I.3. Space group symmetry: The International Tables for Crystallography
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Example: Pnma

!  different settings
(permutations of a, b, c)

contains all the information 
necessary for the complete 
description of the crystal structure

8 equivalent 
atomic positions

8 symmetry operations

non symmorphic SG


a


b

First page of Pnma
space group taken 
from the International 
Tables for Crystallography



I.3. Space group symmetry: The International Tables for Crystallography
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Bravais lattice







1screw axis 2

glide plane 

a

n a






1screw axis 2

mirror plane 

b

m b







1screw axis 2

glide plane 

c

a c

c


2
1t by followed

2 order of rotation


 




1
4

   axis  at 

 and 0

c

x y cb

n


2
1

2
1t with

 plane glide  

  


 


1
4

plane ,

    at 

b c

x



I.3. Space group symmetry: The International Tables for Crystallography
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Arbitrary choice of 
generators

Identity
Lattice translations
+ Others
(axes and/or planes)

Second page of Pnma
space group taken 
from the International 
Tables for Crystallography

See Part II

subgroups /supergroups

see also www.cryst.ehu.es 



I.3. Space group symmetry: The International Tables for Crystallography
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Wyckoff sites: List of the different sites from the most general (i.e. less symmetrical) 
to the less general (i.e. most symmetrical: special position)

Multiplicity Wyckoff Site
of the site        letter symmetry

Coordinates of all equivalent positions

site name



I.3. Space group symmetry: The International Tables for Crystallography
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x y z
La  0.518 0.25  0.007
Mn 0   0   0 
O1  -0.005  0.25   0.075
O2 0.288  0.096  0.226

Example: LaMnO3  (space group Pnma)

 Motif = La4Mn4O12

7 coordinates to determine 
for (4+4+12)x3 = 60 in total!

0.518 0.007

-0.005 0.075
0.288 0.096 0.226  8d

O2

 4c

 4c

La, O1

 4a

Mn

 Bravais lattice = primitive orthorhombic



33Ecole du GDR MICO, Grenoble, mai 2014    - Cristallographie et techniques expérimentales associées    - Béatrice Grenier

I.3. Space group symmetry: The International Tables for Crystallography

Mn

O

La

http://icsd.ill.eu/icsd/index.php



– part II –

DIFFRACTION
CRYSTALLOGRAPHY IN RECIPROCAL SPACE

An incident beam of X-rays or neutrons can be considered as a plane wave.

For an incident beam to be diffracted by a crystal, its wavelength must be of the 
same order of magnitude than the inter-atomic distances (a few angströms).

Medecine (X-ray): 0.2 Å ≤ l ≤ 0.5 Å
Crystallography (X-ray & neutrons): 0.5 Å ≤ l ≤ 10 Å

 visible light cannot be scattered by a single crystal (4000 Å < l < 8000 Å)

First X-ray experiment: 
Laue experiment (1912)
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lmin < l < lmax

ZnS
crystal 
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The reciprocal lattice is defined as a network of points in the Fourier space (Q-space) 

which are the extremities of vectors:

with the unit vectors of the reciprocal lattice, and h, k, l integers.

* * *  a  b  c   h k l   
 

*** c and ,b ,a


where C is a constant 
and V is the volume of the unit cell 
in the direct space:

  b and a c         
V

ba
 c  

  a and c b         
V

ac
 b  

  c and b a         
V

cb
 a  

**

**

**




























C

C

C

)cb.(ac).ba()c ,b ,a(V




In solid state physics, C = 2p
In crystallography, C = 1 

0b.ca.c

0c.ba.b

0c.ab.a

1c.cb.ba.a

**

**

**

***

















for C = 1 

II.1. The reciprocal space: Definition
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





 


 


 


* *

* *

* *

1
  a a    and   a    

a
1

  b b    and   b    
b
1

  c c    and   c    
c

reciprocal 
cell

*a


*b


*c


 Orthorhombic (a  b  c, a = b = g = 90°) 

direct 
cell

a


b


c


 Hexagonal (a = b  c, a = b = 90°, g = 120°) 

direct 
cell a



b


c










g caabc 2

2

3
sinV

g

a b

 
 

 

  

 

  

 


*
*

*

* * *

  a  b, c    
   60

  b  a, c  

  c c            90   

a

b

g

 

 

 

sin 2

3
sin 2

3
sin 1

*

*

*

bc 
  a    

V a
ac 

  b  
V a

ab 
  c   

V c

reciprocal 
cell

*b


*a


*c


II.1. The reciprocal space: Examples



II.1. The reciprocal space: First Brillouin zone
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First Brillouin zone (BZ) = the smallest polyhedron enclosed by the perpendicular 
bisectors of the nearest neighbors to a given point of the reciprocal space.

First Brillouin zone of a F cubic lattice

Special points: Points of high symmetry

Symbole Description
Γ center of Brillouin zone
K middle of an egde between 2 hexagonal faces
L center of an hexagonal face
U middle of an edge between

a square face and an hexagonal one
X center of a square face
W corner
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 Direct space (DS) used to describe the atomic positions in the crystal (lengths in Å)
Reciprocal space (RS) used to describe the positions of the diffracted peaks, phonons, 
magnons, … (lengths in Å-1)

 Each family of rows [hkl]* in RS is  to the family of net planes (hkl) in the DR:

each family of net planes (uvw)* in RS is  to the family of rows [uvw] in DS:


 ** //  and . 1 hkhkl hkl l hkld dn n


  ** //  and . 1 uvuvw uvw w uvwn nd d

 The reciprocal cell of a primitive direct cell is primitive,
The reciprocal cell of a non primitive direct cell is non primitive.

Examples: cubic P cubic P
cubic I cubic F
cubic F cubic I

II.1. The reciprocal space: Properties



 The d-spacing dhkl for the net planes (hkl) is equal to the inverse of the length of the

reciprocal lattice vector
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 

2 2 2 2 2 2 2

2
2 2

2 2

1

2 cos60  

1
       

4

3

hkl *  *  *  *  
d

h  a k  b l  c hk  a

l
h k h k

a c


   



  

Hexagonal cell:

1
hkl

d


 
   

 

   
    * * * * * *

1
   

a b c . a b c
hkld

h k l h k l

* * * * a  b  chkln h k l   
  

Examples: Orthorhombic cell:
2 2 2 2 2 2 2 2 2

2 2 2

1 1
hkl *  *  *  

d
h  a k  b l  c h k l

a b c

 
 

 

2 2 2
hkl

a
d

h k l


 
Cubic cell:

II.1. The reciprocal space: Properties



The beams scattered by any lattice nodes must be in phase in order to get constructive 
interferences  difference in path  has to be a multiple of the wavelength l
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

I R

B

A

A’

B’

I R

M N

N’ M’

plane 1

r

 M, N:  = MM’ – NN’ = n l (n integer)
  r:    r (cosR – cosI) = n l

Descartes' law, as for optics: 

I = R (n = 0)

Diffraction by a 2D lattice of nodes   reflection on the net plane containing the nodes

II.2. Diffraction: Diffraction condition

a- Bragg's law
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plane 2

plane 1

A
D

B
C

F

G
H

I

dhkl

(hkl) planes

plane 3

dhkl





A family of (hkl ) net planes of the crystal diffracts with different orders n
only for discrete angle values given by the Bragg’s law  Bragg peaks hkl

 = FG + GH = n l (n integer)

with  FG = GH = sin . dhkl

n l = 2 dhkl sin

Bragg's law
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with hkl
h'k'l'

d
d

n

h’, k’, l’ are now any integers

     ' ,  ' ,  'h nh k nk l nlfor a P lattice:
h, k, l = coprime integers

l  2 sinhkln d l  2 sinh'k'l'd θ

 l  2     hkln d  musn't be too largel



II.2. Diffraction: Diffraction condition



 the diffraction condition can be reformulated as follows:

The scattering vector must be a vector of the reciprocal lattice

Its extremity must be a point from a row [hkl]* passing through the origin of the RS

 to the family of (hkl) net planes in DS:   
     

+ + ' + ' + '* * * * * *Q n ha kb lc h a k b l c


 

0scattering vector  Q k - k







 0  =  wave vector

  =  wave

inciden

 vectordiffract   

t

ed

k

k


By construction (Descartes law and              ): 

we see that                     and 


 hklQ  d

The Bragg's law  n l = 2dhkl sin

can thus be rewritten:

l0
1

= =k k

l


2 sin θ
Q  


hkl

n
Q  

d

(hkl) plane


Q



hkld


k



0k

 
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l
 

 

0
1

k k

II.2. Diffraction: Diffraction condition



Diffraction occurs each time 
a lattice node intersects the Ewald sphere

b- Ewald's construction

Let us consider a monochromatic incident beam 
of X-rays or neutrons

This construction allows to predict all directions of diffraction, which, 
for a given wavelength, only depend on the lattice parameters of the studied crystal.

II.2. Diffraction: Diffraction condition
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Diffraction occurs if     is a 
vector of the reciprocal lattice


Q

O*

Q


C

0k
 k





Electronic density

r (Å)

30

20

10

0
0                 0.5 1 1.5 2

e- / Å
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II.2. Diffraction by an atom: Scattered amplitude

a- X-rays Photons scattered by the electronic cloud of atoms: electronic interaction
Size of electronic cloud  a few Å  l X-rays)
 destructive interferences (more and more as Q increases)

p
   2  ( ) ( ) di Q.rf Q      ρ r   e  V

V

Scattered amplitude for X-rays 
= Fourier transform of the electronic density
= atomic scattering factor or atomic form factor

F.T.

Q (Å-1 )

Atomic form factor

18

6
5
4
3
2
1
0

0.4                     2.0

f
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II.2. Diffraction by an atom: Scattered amplitude

b- Neutrons Neutrons scattered by the nucleus of atoms: nuclear interaction*
Size of nucleus << l neutrons)  nuclear density r (r) = (r)

Scattered amplitude for neutrons 
= Fourier transform of the nuclear density
= scattering length or Fermi length

*Neutrons are also 
scattered by unpaired 
electrons (spins):
magnetic interaction

b (Q ) = b = Cst

 constant in Q -spaceDirac function  (r) in r -space

X-rays:  f  when  

Neutrons:  b () = Cte

c- Comparison X-rays / Neutrons

re fRX(Q=0) = 0.282 Z 10-12 cm

 f   Z

 b varies erratically with Z and A
(chemical nature and isotope)
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II.2. Diffraction by a crystal: Structure factor

  


 I Q  
 

δ Q -τ    p   




2
2i

1
 e j j j j

N hx ky lz W

j
j

a eDiffracted intensity

We find again the two concepts that characterize a crystal 

Dirac function 
related to the direct lattice

(periodicity of the structure) 
 governs the directions of diffraction

Structure factor F(Q )
related to the motif

(nature and positions of the atoms) 
  governs the amplitudes of diffraction

Scattered amplitude by a unit cell
= Fourier transform of the atomic density of the cell
= structure factor

 



  
   


  

  

( )  or  

with 

j j j

* * *

j j j j

a f Q b

Q ha kb lc

r x a y b z c

 
p 


 

  2 .

1
   e e  j j

N i Q r W

j
j

F Q a



2

2

sin

and    ee j j-W
θ

-B  
λ  

Debye-Waller factor
in which Bj = <uj

2> reflects the 
amplitude of thermal vibration



The structure factor is the quantity which we are interested in: 
it contains the atomic positions xj, yj, zj.

We measure:

 we do not access to the scattered amplitude but only to the intensity: 
the information concerning the phase is lost.

The phase problem

In the most general case, the structure factor is a complex number 
and can be written as follows:     

 
iF Q F Q  e

        
    2*I Q F Q  . F Q F Q
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II.2. Diffraction by a crystal: Structure factor
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II.2. Diffraction: Symmetry and Extinction rules

Effect in the RS of a symmetry operation from the DS:

 Symmetry of the reciprocal space given by the Laue class (inversion always there) *

* provided the nucleus (neutrons) or electronic cloud (X-rays) of the atoms is spherical
provided the Fermi length (neutrons) or atomic form factor (X-rays) is real

 Particular extinctions given by the motif *
they concern atoms* occupying some special Wyckoff sites 
 the atoms occupying such special positions give a null contribution to the intensity 
of Bragg reflections concerned by this extinction rule.

Symmetry operations 
containing a glide translation*
= non symmorphic operations

Lattice type (if not P ) 
 “artificial” extinction (due to the 

fact that a centered cell was chosen)

 Systematic extinctions given by the space group

 they lead to a systematic absence of intensity of Bragg reflections concerned by
this extinction rule, and this, independently from the atomic positions in the cell.

+

+
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Example of a glide plane a  [001] at z = 1/4

 Reflection trough a plane  [001] with the glide translation

 equivalent positions: and    j j jx y z   1 1
2 2

      j j jx y z



2

a

       pp      
 



  
   

  

1 1
2 2

/2 2i   2i   

1
F e e

j j jj j j
N h x ky l zhx ky lz

j
j

hkl a

   pp 



   
 

/2 2i  i  

1
F 0 1 e    e j j

N hx kyh
j

j
hk a



 F(hkl ) cannot be completely factorized except for l = 0



   p  


 

2i   

1
The structure factor  F e  can thus be split in two parts:j j j

N hx ky lz

j
j

hkl a

   
 

 

( 0) 0   if   2 1 

( 0) 0   if   2     

F hk h n

F hk h n

Extinction

Reflection condition

II.2. Diffraction: Symmetry and Extinction rules
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Primitive lattice: no extinction
Centered lattice: direct cell m times too large  reciprocal cell m times too small

 systematic absence of intensity on some hkl spots

Systematic extinctions due to the lattice type

Ex. axis 21  extinction concerning Bragg peaks 0k 0 (row          through O*) 


//b


// *b

  
  * *1

2
& glide translation  in DS  2  in RSt b t b

   reflection condition for 0 0 :  2k k n

Ex. plane a   extinction concerning Bragg peaks hk 0  (plane  through O*)

c

  
  * *1

2
& glide translation  in DS  2  in RSt a t a

Systematic extinctions due to non symmorphic symmetry operations

   reflection condition for 0 :  2hk h n

*c

II.2. Diffraction: Symmetry and Extinction rules

   
 * * *2  in RSa b c  

 1
 in DS

2
a b c

   reflection condition for :  2hkl h k l n

Ex. I lattice  additional lattice translation
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Example: Space group Cc (glide plane c  )b


II.2. Diffraction: Symmetry and Extinction rules








 

 

axis 2inversion

2 previous Bragg peaks  1mirror 

,    ,   and  

b

m b

hkl hkl hklLaue class:

 Symmetry :

2/m   same intensity for: hkl,

C-centering  reflection condition:

 Reflection conditions :

hkl with h +k =2n

h 0l with l =2nc glide plane          reflection condition:



The International Tables for Crystallography

52Ecole du GDR MICO, Grenoble, mai 2014    - Cristallographie et techniques expérimentales associées    - Béatrice Grenier

● Example: Pnma

Special
The contribution to the diffracted intensity of atoms located on special positions
is null if the condition is not fulfilled

Reflection conditions

General
If the reflection condition is not fulfilled, the diffracted intensity is null

glide plane n  a-axis
glide plane a  c-axis
diad axis 21 a-axis
diad axis 21 b-axis
diad axis 21 c-axis

//
//
//

II.2. Diffraction: Symmetry and Extinction rules
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II.3. Experiments: How to solve a crystallographic structure

 Symmetry of the diffraction pattern   Laue class

l  2 sinhkl d θ

 Positions of Bragg reflections  Lattice parameters

Direction of the diffracted beams (2)  Better precision at large angle 

 long wavelength and/or large Miller indices (small dhkl)

 Extinction rules  Possible space group(s)

l
l

  
2

2 sin   hkl d θ Q

 Intensities of the Bragg peaks  Structure determination

There are as many F(hkl) as measured hkl Bragg peaks (h, k, l any integers)
 measure up to large Q

 short wavelength (in particular for large unit cells)

!   Phase problem: Patterson function, direct methods, …
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II.3. Experiments: How to solve a crystallographic structure

 Symmetry of the diffraction pattern   Laue class

l  2 sinhkl d θ

 Positions of Bragg reflections  Lattice parameters

Direction of the diffracted beams (2)  Better precision at large angle 

 long wavelength and/or large Miller indices (small dhkl)

 Extinction rules  Possible space group(s)

l
l

  
2

2 sin   hkl d θ Q

 Intensities of the Bragg peaks  Structure determination

There are as many F(hkl) as measured hkl Bragg peaks (h, k, l any integers)
 measure up to large Q

 short wavelength (in particular for large unit cells)

!   Phase problem: Patterson function, direct methods, …

 Laue diffraction

 Powder or single-crystal diffraction

 single-crystal diffraction

 Laue, powder or single-crystal diffraction
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II.3. Experiments: Technique 1 – powder diffraction

0s


s


4

2

powder
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II.3. Experiments: Technique 1 – powder diffraction

X-ray powder diffractometer 
@ SLS

Neutron powder diffractometer @ ILL

5656
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II.3. Experiments: Technique 1 – powder diffraction



58Ecole du GDR MICO, Grenoble, mai 2014    - Cristallographie et techniques expérimentales associées    - Béatrice Grenier

II.3. Experiments: Technique 2 – single-crystal Laue diffraction

C

C

O*Cmax

1/lmin

1/lmax

Cmin
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BaCo2V2O8

Laue pattern showing the symmetries

II.3. Experiments: Technique 2 – single-crystal Laue diffraction

 diffraction pattern  = Laue diagram 
evidencing the symmetry planes and axes 
in reciprocal space

 Determine the Laue class, align a crystal, …

OrientExpress @ ILL
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Vitamin B12 measured on Vivaldi (Laue diffractometer)
Nearly 10000 measurable Bragg reflections
8-hour exposure, 10mm3 crystal 

Wagner, Luger, Mason, McIntyre (2002) – ILLVIVALDI @ ILL

II.3. Experiments: Technique 2 – single-crystal Laue diffraction

Ecole du GDR MICO, Grenoble, mai 2014    - Cristallographie et techniques expérimentales associées    - Béatrice Grenier
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II.3. Experiments: Technique 3 – single-crystal diffraction

four circle / normal beam

C

0k


O*

Q
k


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II.3. Experiments: Technique 3 – single-crystal diffraction (4-circle)

K

jK

wK

2K

« kappa » 
geometry

max. size ~ 150 mm

X-ray 4-circle @ CEA
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Chiral Heptanuclear Europium Wheels Bozoklu et al. (2010) – ESRF
Space group C 2, a = 45.7446 Å, b = 31.0966 Å, c = 45.7325 Å, b = 92.945°, Z = 8

II.3. Experiments: Technique 3 – single-crystal diffraction (4-circle)

C246.25H168Eu7F18.75N36O54.75S6.25



64Ecole du GDR MICO, Grenoble, mai 2014    - Cristallographie et techniques expérimentales associées    - Béatrice Grenier

II.3. Experiments: Technique 3 – single-crystal diffraction (normal beam)
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D23 @ ILL

BaCo2V2O8 (body-centered tetragonal)
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II.3. Experiments: Technique 4 – single-crystal diffraction (normal beam)

Collect of magnetic Bragg peaks (rocking curves)

Refinement of the magnetic structure using e.g. Fullprof
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Thank you!

Any questions?


